ON STRONG BOUNDS FOR SUMS OF INDEPENDENT
RANDOM VARIABLES WHICH TEND TO A
STABLE DISTRIBUTION(')

BY
MIRIAM LIPSCHUTZ

1. Notation and generalities. We shall in this paper deal with sums of
independent, identically distributed, positive, continuous random variables,
whose distribution lies within the domain of attraction of a stable law. We

denote the random variables by X, k=1,2, - - -, their distribution function
by F(x), and their sum by S,= > a_, Xi. We thus are given
(1) PXy = x) =1—F(x) = h(x)/x7 for x >

where 0<y<2, and Ah(x) is such that for any positive constant c,

lim &(cn)/h(n) = 1.

n—wo

For 1<y <2 we write u=E(X) and W,=S,—nu. We define b, so that
(2) 1 — F(ba) = 1/n.

The distribution function G,(x) is to denote the stable law of index (y, —1)3
its characteristic function is given by

T T,
,(t) = exp [— l t|7 (cos-z— — isin—2—-51gn t) ra - 'y)] O<y<Y
(3)
Y yw
= exp[| tI" (cos—é- - isin—?sign t) 'yI‘(—'y)] 1<y<2).

It is known [1] that when (1) is satisfied by the random variables X then
lim P(Ss < bux) = G,(x) for0 <y <1,

n— oo

lim P(W, < bax) = G,(x) for1 <y <2

n—ro

4)

Throughout the paper the symbols C, ¢, Ci, M, etc. will stand for constants
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which are not necessarily the same each time the symbol is used. Likewise
for €, 1, 0, etc. which denote arbitrarily small given positive numbers.

The function k(x) appearing in (1) determines the order of magnitude of
the error [2] in the limit theorems (4). In what follows we shall make the
following assumptions on the function k(x)(?): a. Let 7(n) be a function which
tends to infinity with # and

(5) (g n)=% = O(r(n)) for any 6§ > 0.
b. Assume that for
(6) r(n)=2 < x < r(n)dlr

we can write as #—

h(nx) ll(xy n) lZ(xr n) lz(x, ﬂ)
=1
() oy T e T 0( r(n)? )

where in the range (6) the functions /4(x, #) and L(x, n) are o(r(n))* for any

€>0. c. As x— o, l{(x, n) =0(x~") for some n>0. Under these conditions we
can conclude [2] that the following asymptotic estimates are valid as n— oo :

For0<y<1,let x—0, x> [ky/(2 — € lg r(b) |17,

(7

® For1 <y <2 let x— — o, | xl < [(2 =€) 1gr(ba)/ky | -D1I7;
then:
© 0<vy <1, P(Sy< bpx) ~ K,x720-0 exp [— kya=r/0=1],
1<y <2 P(W.<bux)~Ky|x|[7720Vexp [—k, | z|r10-D],

where

0<y<1, k,=T1-— 7)1/(1—,7){77/(1—7) — 71/(1—7)}’

1<y <2, ky=T(—y) Mo {(1/yn)100 — (1/y)7/ D}
and

0<vy<1, Ky=[[(1 = y)V/a=(y1/0=1 — 4= /0=1))2y |1/,
1<y<2 K,= [p(._.y)—lm—l),yl(y—l){(1/7)7/<7—1> — (/%) (27——1)/(1—1)}2”—]—1/2.

2. Introduction. In this paper we shall be interested in obtaining strong
bounds for the sums S,. Strong upper bounds were derived by Feller [3] from
a more general theorem of his on strong bounds for random variables with
infinite moments [4]. The same results had also been obtained by Marcin-
kiewicz [5] and Lévy [6] by more elementary considerations(®). Strong

(2) These conditions are satisfied, for instance, when k(x) is of the following type: (lg x)?,
exp (lglg x)?, exp exp (lgs x)?, p>0, etc.
(®) Lévy assumed in the case 1 <y <2 that the first moment is zero.
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lower bounds were so far unknown except in a special case [7; 8] withy=1/2.
We shall here obtain strong lower bounds for S,. We are able to cover all
cases in which the error term in the limiting approach to the stable distribu-
tion is of magnitude at most equal to (lg #)~2* for any §>0.

As was stated in §1 the order of magnitude of the error is determined by
the rate of growth of the function k(x) in (1). It is possible that as the func-
tion h(x) is allowed to increase more and more rapidly, the strong lower
bounds which we obtain will need to be amended in a similar way as was done
for the general law of the iterated logarithm [9]. We note, incidentally, that
for v =2, our reasoning gives this law for identically distributed positive r.v.

For the sake of completeness we state in §4 the known theorems on strong
upper bounds. They can also be obtained by the methods of this paper, the
calculations being much simpler than those in §3.

Random variables of the type dealt with appear, for instance, in the
study of recurrent events. The r.v. X} here denotes the first recurrence time
of this event and is always positive. If the recurrence time has infinite vari-
ance, Feller [3] shows that its distribution must be of such a type. The prob-
lem of determining strong lower bounds for sums of such r.v. was also raised
by Feller. In §5 we translate our results in terms of the r.v. N,, the index of
the nth recurrence of a recurrent event.

Our method of proof rests essentially on a lemma of Chung and Erdés
[10]. This lemma states: Let P(A | B) denote the conditional probability of
A given B; let E stand for the complement of E. Given then an infinite se-
quence of events E,, Es, - - -, E,, - - - satisfying:

(1) 201 P(E.) = .

(2) For every positive integer & there exists a constant ¢, depending only
on £k, and an integral valued function H(n) >#, such that for every k= H(n)
and # =k, we have

P(Ex| Es - - - E.) > cP(Ex).

(3) There exist two constants ¢; and ¢, with the following property: to
each E; there corresponds a set of events Ej,, - - -, E;; belonging to {E,.}
such that:

2. P(EE;) < oP(E))
=1
and if 2>j but Ey is not among the E;; (1 £¢<s) then
P(E,Ek) < C2P(E,)P(EL)
Under these conditions it follows that
P(E, i.0.) = 1,

where E, i.o. stands for “the event E, occurs for infinitely many n.”
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Our proof in the case of convergence borrows part of its reasoning from
Feller’s proof of the general law of the iterated logarithm.

We should like to remark that although the results of this paper are sim-
ple, the necessary calculations are extremely laborious. The same is true for
Feller’s proof of the general law of the iterated logarithm. We do not know
whether this complexity is inherent in this type of theorem; but we venture
to hope that a deeper fundamental insight into the mechanism of strong laws
might simplify matters eventually.

3. Strong lower bounds for .S,.

THEOREM 1. Let 0<y <1, let Y(n) T o, ¥(n)/nl 0; then
P(Y) = P(Sn < ba/¥(bs)V".0.) =0 or 1
as
L) =f [¥(2)120-1/x] exp [~ kp(2)1 4P ]dx < © or = oo.
1
We henceforth write ¢, =¢(b,) for all functions under consideration. We first
prove some lemmas.

LeEmMA a. If Theorem 1 holds for all functions Y (n) satisfying the following
inequality for arbitrary positive e:

(10) ¥(n) < [(1 4 ¢ Ig lg n/ky ]
then it holds in general.

Proof. Case 1: Let g(n) be an arbitrary function satisfying the conditions
of the theorem and I,(g) < «. Denote the expression on the right-hand side
of (10) by ¢(n). Define ¥(x) =min {g(x), ¢(x) }. Then since clearly I1(¢) < =,
we have I;(¥) < = and since y(n) satisfies (10)

P(Sn < ba/¥n fi0) = 0
and hence certainly
P(Sa < ba/ga " i.0.) = 0.

Case 11. Let g(n) be an arbitrary function satisfying the conditions of the
theorem and I;(g) = ®. Define again §(x) =min {g(x), $(x) }. Now I;(§) = .
Hence by the assumption of the lemma

P(Sn < ba/Fn " i0)) = 1,
P(Sn < ba/én i0.) = 0.

Then there must exist an infinite sequence of indices 7y, 72, - + + with ¢,;=g,,
and
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P(Sr.‘ < br.'/'pr,- i.O.) = 1. QED

Thus henceforth we consider only ¢(x) satisfying (10).
Then by (8) and (9) of the introduction it follows that:

1/ (1-7)

(11)  P(Sa < buftn) = Ko¥m exp [—kwm " 1}(1 4 o(1)).

We define a sequence {n:} as follows: let 0 <a <b be constants and

—1/2(1— 1){

(12) bl + 0fbm ) S By < b1+ BT,
Such a sequence exists since (b,/¥»)— . We derive

LeEMMA b. I, () converges or diverges with the sum
-1/2(1-7) 1 (1-7)
(13) T exp [kt 1= X P
k

We shall repeatedly make use of these inequalities: let 0<x <1, then
(x/2)<1lg (14x)<x and 2x>—lg (1—x)>x. Write b} =84, Bn—PBar1=0n,

then
20'“ n — Ogn ' On
()2
ﬂn ﬂ" B”_ ﬂ”
and hence
nktl g, nk+1 ﬁﬂk+l ( b ) b
e } <lg(1+ 545=) <
n—ﬂzk“!'l B ...%,:4.1 g B,._l pnk <lg ‘l,:‘,/‘(l 7) wiiu—y)
and

'f‘ On a
—=— l > .
n=ng+1 ﬁn 2 ﬁnk 4\"1‘/‘_(1—1)

Now since P,l and y¢.1 and PyY/" "] 0, we have for ni<n<mi,
Pn,‘.H §P,.<P"h and

;P»»'/"I»/gul-ﬂ E 2 < 2 E_P”'I/:/u 7) 2 P»k'l/wl_” E 2 .

np1<nSnz Bn nr_1<nSnz Bn

Brrs

These two sets of inequalities combine to give:
1/ (1~7) 1/ (1-7)
ra—y P [ RyWny 1< Z exp [ kypn ]

(a/ ) E 1/2(1 3 1/2(1 v) ,3
(14) ,..

Q-7
R exp [— ky¥n, .

k

<bE
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However the convergence or divergence of the integral I;(¥) is determined
by:

oo[‘//(x)llﬂl—‘v)/x] exp |[— k(x)/ 0= |dx
1
(15) Br (x)120-D) Ve

exp [— ky(x) ldx.

>

n Vo,
The sum (15) is greater than

zn: ( n —Bfn—l) .//:,/2(1_7) exp [—k»yl//,l,/(l_”]
and less than

;( n ;_ﬂ:—l) 'pi/ﬂ(l—y) exp [~ ky‘hl./(l_”]

since taking into account the result of Lemma a, for » sufficiently large the
ratio (B.—1/B.) will exceed 1/2; it follows that these two sums converge and
diverge together. Hence we compare them to the expression in the middle of
(14) and obtain Lemma b.

LEMMA c. For any constant ¢ we have:

1/ (1-7)

(16)  P(Sa < (bu/¥n )1+ ¢/ ")) ~ e

whereas for ca—+ o, but | ¢/’ 7| <c<1—n, we have:
kyyea(1 +9)
1 —

kyyel (1—7) 1/y

P(Sn < baf¥n )

1/ (1-7)

(17) P(Sw < (bu/¥n )1 + caftn 7)) ~ C exp P(Sa < bu/ta ")

where 0 <¥ <c(1—v)~L

We prove the second part of the lemma. The probability on the left of
(17) equals by (8), (9), and (11):

1/ (1=7), v/2(1—7) ,—1/2(1-7) 1/ (1-7) 1/ (1—7) —1/(1—1)]}

Ky(1 4 cf¥n ) ¥n {exp [—kwn (14 cn/¥n )
(1 4+ o(1)).

We expand the expression in the exponential into:

1/ (1-7) Y Cn , Y Cn r
e [1 s et (ﬂ/(l_”) J

where 0 <9’ < 1. Since | ca| <ap/"~" (17) follows. The result (16) is obtained
more simply yet by a similar expansion.
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Let us then assume that the series (13) converges. With the aid of (16)

we conclude that
1y V-,

(18) P(Snp < (bnp/¥n )(1 + 26/1¢n, )io) = 0.

Thus for almost all values assumed by the sequence of r.v. X3, Xs, - - -, X,
and when % is such that #; <% <#;,,, the sums

Sa Z Sup > Gur/¥me) (1 + 25/pm ")
1/ (1-7) 1/(1—y)
> (bag/bng)(1 = 0/¥me (A + 2b/14my )
1/ 1/ (1—y) 1/(1—7) 1/

> (bn/‘/’n (1 - b/'Y‘/’nk
and consequently
(19) P(Sa < ba/tn " i0) = 1.

YU+ 2b/v¥n, ) > (Ba/¥n )

We proceed to the case in which (13) diverges. In order to simplify our nota-
tion we write &’ for ny, (k+1)’ for iy, etc. To prove that under the given
circumstances P (S, <b./¥x" i.0.) =1, we define the events

FuiSu < bu/dur
and show that the conditions (1), (2), (3) of the lemma of Chung-Erdés are
satisfied for these events.

Condition (1): Y& P(Fi)= o follows from (11) since (13) diverges.

Condition (2): Consider the probability P(Fi|Fs, - - -, Fa) for any
h=1, ..., m and for k= H(m), where H(m) is to be determined. Since
St —m =Sk — Sm is independent of S, it follows that:

P(Fle;. <+ Fm) 2 P(Fi, Sw < b:,,,lﬁ,. o F)
1/

= P(Sm + Skr—m < @u/¥ir") = sy Smr < bt | Fn+ - - F)
1/,

> P(Sk—m < (bir/¥h) — bue) P(Sme < b | F - « F).

The second term in the product equals:’

1 — P(Sw = by, Fr+ - Fp)/P(Fs - - - Fu)
21— P(Sw = ba)/PFn - - - Fu).

We shall prove that P(F; - - - Fu)>by". From this follows then, since
P(Sm 2 b3) <bz?"(140(1)) by (4), that for m sufficiently large (20) will be
greater than 1—5,""-b%,>1—e. Now the probability under study is given by:

(20)

(1)  P(Sw = bu/dns -+ ) S Z b/l

) = T PGSy 2 bi/w

i=h
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since the r.v. are positive. But this product equals

It — {exp [= Bt “ T ALY) 1 + o(1)).

i=h

However for large j, {exp [~k ¥/ "1} 1 4+0(1)) < (a/2)¢; 24~ hence the
above exceeds

I-I (1 _ 0/2!111/(1 1)

j=h

But by (12), (14-a/¢¥*"?)=12b}/b},1y. Expansion of the left-hand side of
this inequality and comparison with the terms of the above product indicates
that this product exceeds b7./b} > b,.".

Consider now the expression

1/ 1/y

P(Shm < Bu/¥2) = bu) > P(Sk < (bu/¥i ) — b

b bor

kl

(22) =P (Skl <= (1 - = ¢},’,’)).
'/’kl bk

If now we choose % large enough so that (B34 /bi) <c/Y“ ™™, then by
Lemma c the probability (22) will exceed: CiP(Si <bi/Y¥? and hence

P(Fkl Fy - - - F,.)>(1—€)CiP(Fy). The condition mentioned can be reduced
to
(23) by > Kbupe 7.

Since Y- < (g bx-)'~7, this condition can be satisfied for all 2= H(m), by
choosing H(m) so that b > bj. This will certainly be true if H(m)>m'+1g m’
as can be seen from the definition (12) of the sequence {#}.

LemMA d. Let I,({) = ». If Theorem 1 holds for all Y (n) satisfying
(24) ¥(n) 2 (Ig 1g n/2k)*,
then the theorem holds in genmeral.

Proof. Let g(n) be an arbitrary function satisfying the conditions of the
theorem and I,(g) = «. Call the expression on the right of the inequality (24),
¢ (n). Let ¢ (x) =max (g(x), d(x)). Then ¥(n) satisfies (24). If we can show that
I,(§) = » then it will follow from the hypothesis that P(S, <b./¥Y” i.0.) =1,
and certainly whenever S, <b,/¥./" we have also that S, <b./g"/"; hence the
lemma. Let us then assume that I;(§) < © which will lead to a contradiction.
Now I,(§) < » implies the existence of an infinite sequence of indices
n1, N2, - - - with ¢(n;)=g(n)> (g lg n:/ky)"~. On the other hand since
I,(g) = o, there must exist an infinite sequence of indices m;, ms, - - - with
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g(m;) #¢(m;) and thus with g(m;) < (Ig Ig m:/2k,)'~" =¢(m,). Let then n;, and
m;, be indices such that:

(25) g(ny) > (Ig 1g i/ ky)*7,

(26) (lglg n/ky)=7 = g(n) > (g lg n/2k )17 for n;, < n < myy

and

(27 glmiy) = (Ig lg miy/2k,).

There exists an infrite number of such & by the discussion above. We recall
that g(n) is a monotonically increasing function, since it is to satisfy the con-
ditions of Theorem I, and hence

(g lg ni/ k)7 < (Ig 1g miy /2ky) 1Y
or
(28) My > (14)'8 ™.

However for all # in the range 7, <n <m;, we have {(n) =g(n) and thus by
the above:

my, 7U20=7)

L@H>y > = exp [—k,¥(n + 1)
k  neng, n + 1

) (lg lg n)1/2(1—7)
>2 X

k nmng Wirktiv(n + 1) 1g (n + 1)
> C X (Ig Ig (ni) e ™ — Ig Ig nsy)
k

>CXlglgn;, = «, Q.E.D.
k

1/ (1—7) ]

LEMMA e. For m>r, and k, j, I and t positive quantities:
(29) P(S, < k,Su <j) < P(S; < B)P(Sm—r < J),

Proof. If we let F,(x) denote the distribution function of S,, the left-hand
sides of (29) and (30) equal respectively

f kF,,._,(j — %)dF,(x) < P(Sr < k) P(Sm—r < §),
0

k
f Fos(l — 2)dF,(x) < P(S, < F)P(Sm_s < 1 — 1)

when we recall that the random variables are positive. Let now
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1/

P, = P(Snk < bnk/‘l’:n/:, Sn, < bn'/‘pn, )
By (29) this probability is less than

(31) P(Su, < b/ Ve ) P(Snyny < ba /).
Now consider all r for which:

(32) e > e

then for such 7,

(33) (e = 1) > m(1 = caftn, ")
and .

h(n, — ny) 3 k[n.(1 — ni/n,)] B 1
h(n) h(n.) - O<f(n,)“‘)
by (7); for by (32), I>1— (n/n,) >1—ci/ Y/~ . Then

buyny = (e = 1)kl — )™ > 0 ()" (A = copm )
> bn'(l _ 63/1#,1,/,(1_7)),

Hence the second probability in the product (31) will be less than:
P(Snrns < (baoms/bms Y1 = cs/bm )

<G T P(S g < b/

by (16). Thus by (8), (9), and (33) it follows that

1/y Yy

(34) (31) < C2P(S"k < b"k/¢"k )P(S"r < bnr/‘l’nr )
We next proceed to the case in which (32) does not hold, i.e.
(35) fe < cadm

We call the set of indices in which (35) is valid the set Q«. Applying (7) we
have for r & Qx:

e = Koo = = —1+4¢
(30 h(ni) B h(n,(nk/nr))_ 1+O<r(n,)1—¢> = 1 4+ O(r(np)~1*9),
h(n) h(n.) B
7 Ko=) Wl = () O (r(nf)‘—‘>’

h(n, — ny) B h(np(n,/ny) — 1) B 1
(38) h(nk) - h("k) =1 + O(r(nk)l—c) :
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The required relations (6) are satisfied in these three cases by virtue of the
following inequalities derived from (10), (12), (24), and (35): 1> (nx/n,)
>1/cfl 1> 1 = (ma/n,) > 1 — (ma/nasr) >1— o/l el > e/
> (e /ne) —1> (Mrg1/ne) —1> Cs/xbl/u .

From (12) we now derive the double inequality:

1/(1-7) 1/(1-7)

) < ba, <bn,H(l+b/'l/

=k

(39) by II (1 + a/¥m; ).

For rEQ the left-hand inequality leads to:
ny = ”r[h(”r)/h(”k) ]/(1 + a/¥n,

1/ (1-7)

= "r(l - a(’ - k)/4'Pm-

l/(l—'r)

1—e
YA +0(r(n:) 1))
and hence:
(40) (r = B) < W) (e = ) /m) Y < (4"
With the aid of (24) we then obtain an upper bound to the number of indices
contained in Q; i.e. for r EQs:

(41) (r — k) < Cy(lg lg )™, 1>5>0.
We consider first the subset Q; of Qi for which:
(42) ba, < bppn !

where u is a constant exceeding 64(1+¢€)b/a. The probability (31) will now
te less than
1/y 1/r 1/1

P(Ss, < bnk/'/’nk )P(Sn—ni < bnp—nptt /Kl’n, .
Hence we conclude with the aid of (10) and (24):

Z P, < P(S., < bnk/'l’n;,) Z €xp [ kW,

1/(1~v) —l/(l—‘v) ]

rer rEQ
1/
< P(Sny < bay/¥mg) 2o exp [—pylglg bay]
rEQ
/
(43) < P(Suy < buy/¥ny) Z (Ig bn) "
r Qk

< CuP(Suy < bay/bu (g 1g 5a) ™ (1g Bay) ™"

< MiP(Su, < buy/tng)
for k large enough, p,=u~101-7 /2 We next consider the set Q; & Q: for which
(44) bn, > bup—niul!”

or
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ne — ng < nh(n)/ph(n, — ny)
< 2n./u
by (37). For r&Q}, (40) and (45) lead to:
1 (1-7)

(r— k) <8n, /ou
(46) < (14 €16 1g1g ni/kyau

1/ (1-7) /2

<¥m

since u was chosen greater than 64(1+¢)b/a. We are now allowed to expand
the right-hand side of the product (39) to obtain

(45)

1/ (1-7) 1/(1—v)

(A7) b1+ alr — B)/a, ) S bay < ba(1+ 26(r — B) /Y, ).
Let 4 be a constant <b. Consider

1/ 1/(1-7) 1/

Py = P(Sny < (bmf¥m )1 = (r = DA m ), Seu < bucf¥n,)
< P(Sny < Bufme) (1 = (r = D)A/Ym 7).
We apply Lemma c, (17), to this probability, noting that by (46):

1/(1—y)

A(r — k) /¥n, <1/2,
and obtain:
P, < Cs{exp [—by(r — B)Av(1 +9)/(1 — )]} P(Sa, < b»k/'//:-/:)
and
X P! < CoP(Suy < bu/¥il) 3> exp [—arlr — B)]
reog’ remk41
(48) 1/

< M3P(Sn;, < bnp/¥n, ).
Finally we consider:
1/ (1) 1/ 1/

E P((b,.k/lﬁ,l./:)(l - (' - k)A/'l’nx ) < Suk < bm,/#’ng ’ Sn, < bn,/‘l’n, )

rEQs?
By (30) this is less than

P(Sn, < bai/¥n) &Z P(Snpny < B/ ¥nT) = (bug/me)
r Qk’

(49) (1= (r = BN,

From (47) follows that:
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1y 1 1/ (1-v)

(bn,/‘l/n, ) — (b”k/'l’nk )(1 - (f - k)A/‘l’nk )
< (bnk/‘l’rl;?)((l + 2b(r —_ k)/\b,l.i(l_q)) 1= (- k)A/!ﬁ:/:l_”)

(50) 1y a-n am+

< Gufme ) — B)((2
From (40) follows

b/v) + A).

1/(1—-7)

> (a/H(r — B)ne/dm,

1/ (1-7)

(51)  n, — > (a/)(r — E)ne/n,

Hence
a\ [/r— k\ [h(n, — n)\ /"
barm > [(T) (w:’“’*’) ( h(ns) )] b

v, 1/v(1—7)

> (/8)"((r = B4,
by (38). The probability in (49) is then less than:

)ba,

P(S”k < bnk/'Prlb’;’) Z P(S”'._u. < b”r_"kcs/(f —_ k) ‘1_7)/1)
rEQ!
(52) < P(Suk < bn)/wiiy) Y‘ exp — csky(f — k)
ek

1/

< MaP(S,.,, < b»k/%g )
The inequalities (43), (48), and (52) together prove that:
T Po < (M + Ms+ MOP(Sus < bufh),
r&Q

and together with (34) they verify condition ¢ of the lemma of Chung-Erdés,
THEOREM II. Let 1<y <2, let Y(n) T o, Y(n)/nl 0; then
P(Y) = P(Sn — npu < — ba(ba)/"i.0.) = 0 or 1

w 1/2(y—1)
L) = f 'Il—(‘x)—x:——exp [—k.,dl(x)”("—‘)]dx < o or = o,
1

The proof of this theorem does not differ appreciably from that of Theo-
rem I. We shall only work out the points of difference between the two proofs.
We again write ¢, for (b,).

LemMMA a’ AND LeMMA d’. If Theorem 11 holds for all functions Y(n) satisfy-
ing the following inequalities:
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(83) (glg n/2k)t = ¥(n) < ((1 + ¢) Iglg n/ky)""
then it holds in gemeral.

We have by (6) and (8) when we assume henceforth that y(n) satisfies
(53):
—1/2(—1)

(54) P(Wn < - n‘/’n) = K‘Y‘p"

1/ (v-1)

{exp [kt 1} + o(D)).
We define a sequence 7 by

1/ (v—1) 1/ (v— l)

(55) b1+ 0/¥my ) S by < buy(1 + b/,
LEMMA b'. I,(y) converges or diverges with:
(56) Z'l/l/z('Y 1) [ k ‘//1/(‘7 1)]
Y

LeEMMA ¢’. For any constant ¢ we have:

1/y

P(Wﬂ < ﬂ¢ﬂ )

1/ 1/ (-1

vk, /(r—1)

) ~Ce
whereas for ca—+ ®, but | ¢ /n/z‘/(" Y| <c<1—1n, we have

kqyCa
(58) P(Wn < — b (1 = ca/p ")) ~ Cexpﬁlc—(—l—;Li)P(W"< — b

where 0 <I <c(y—1)~.

The proof of these four lemmas follows the exact lines of the correspond-
ing lemmas for the case 0 <7y <1. To proceed to the proof of the theorem, we
first consider the case of convergence, i.e. we assume that the series (56)
converges. With the aid of Lemma ¢’ we then conclude that

1/ (r— 1)

(59) P(Wap < = Gume) (1 + b/gm, i) = 0.
We define the following events for ny <n <#i:
A Wa < — b,
1/y 1—1)/7

Bt Wpsy — Wa < brpyrn2 b

1y 1/ (v— l)

C":W"k+1 < - ﬂk+1‘l’nk (1 + b/’N’nk
If we can show that (59) implies that for N sufficiently large:

(60) P(EN A,.) <e

it would follow that
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1/,

P(Wn < — bupn i.0) = 0,
and thus the first part of Theorem II would be proven. From (55) we deduce,

since b, =n"h(n)l7,
N1 27-1p
s 1)

nk

Thus for ny =n <ni4,

-1/ Yy , Yv(y—1)
bnk“—n é bn),.,.l—ng < bngz b /'Pﬂk

Also, since by (1) the distribution of W,,,,—. approximates the stable dis-

tribution:
P(Bur) = P(Wappimn < — by yy—n2M7p0rDI7)

~1— (2b1)1> 1/2
if 5>1. At all points of the intersection of 4,B.; we have then:

1y /v (y=1)

W"k+l = Wn + Wnk.H—-n < - bn\bu + bnk2b/¢n1,

< = bamy (1 — 26/ )
/ /(v—1 -
< = bagy¥my (1= 5/20m " )1 = 264" 7)
/ / (r—
< - bn;,ﬂ\(’vll:(l + b/'l"ln;(.' l));

so that Ct DA B for all # such that nx <n <#nxy1. On the other hand 4,, and
B, are independent whenever m <. Thus:

nk+1 nk+1 n—1
P(Clc) gP( Z A»Bnk) = 2 P(Aank — A.Bn z AmBmk)

Nemn g1 Na=n g1 Mmn 41
ng+1 n—1
_% E P(Aank - Aank 2 Am)
n=np+l Me=n 41
Bk+1 n—1
= > P(B,.,,)P(A,. -4, X A,,.)
n=ni+1 m=ni+1
1 nk+1
> — P( Z An) ¢
2 ne=ng+1

Thus

P( bl A,.) < 2P(Cy).

n=nj+41

But we know from (53) and (59) that D P(Ci) < . The relation (60) then
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follows readily from the above inequality. Let now the series (59) diverge.
We proceed to prove the second part of Theorem II. The points of difference
with the case 0 <y <1 in the proof of the validity of the conditions of Chung-
Erdés arise from the fact that the random variables W, are now not necessar-
ily positive. If we define F} as the event:

/v

Fk:Wnk < - bng‘png

then condition (2) is verified exactly as before when we write W, for S, and
b for b,/ throughout the proof. We change the condition S+ <b% into
W <b3 and obtain as before:

/v

PEL|Fr- - F) > P(Wh_m < — bt — ) P(Wns < bos | i+ - - Fu).
The second term in the product exceeds 1 —b,”", by an argument like the one
for the case 0 <y <1. Choosing then H(m) large enough so that

Yy 1/(y-1)

(bae/brrm) (1 + b/ ba) < 1+ c/tu
it will follow that
PFy|Fr -+ Fn) > (1 — 2¢)erek,/ ~DCP(Fy).
Verification of conditions (3) of Chung-Erdés calls for a slightly different
treatment than before.
LEMMA f. Let t, k, and | be greater than zero, then
61) P(—t<Wn< — kW, < =l) < PWn<—EBPW,_n<—1+1.

For if Fn(x) is the distribution function of W,, due to the independence
of the random variables we can write the left-hand side as

T (=1 — 2)dFn(2) < Fu(— BFsn(—1 + 1

-t
since the random variables x are positive. Now again let

1/

Pr= P(Wa, < — bugnrs Wa, < — b)),

We note that for all 2, W,, = —nu. Thus by Lemma f:

1/ 1y

Py < P(Wa, < — bagng ) P(Wany < — bamr + nags).

For
(62) ba, > bam "> gt

we have



1956) BOUNDS FOR SUMS OF INDEPENDENT RANDOM VARIABLES 151

1/y 1/ 1/ (r-1)
""bn, ne + niu < — bﬂr "'7(1 - “/'l"'r )‘

The right-hand side factor in the above product of probabilities is thus less
than

) P(Warny < = barnibmy (1 = 5/tme’ )
~ Ci(exp [~ kyery/y — 1) P(Wa, < — baspnr)

by Lemma c’, (8) and (9). We consider next the case in which (62) does not
hold, i.e.

(64) ba, < bl "7V,

Let Qi denote the set of such indices r. We evaluate an upper bound for the
number of indices contained in Q. From (55) we get the double inequality:

(65) B TT (1 + o) s 57 < o7 T (1 + b/wli™™,
ik =k

and hence

(66) (r — B) < (27/a) Ig (5a./bn)-

Applying (53) we find that the total number of indices in Qi does not ex-
ceed C; (Ig Ig ba,)*7. We consider now the subset Q} of Qi for which:

67) ba, > qba,
where ¢=exp [a(y—1)/4vb]. By Lemma f we have:

P, < P(Way < = bughul ) PWayny < = bug (1 = ¢ %))
+ P(Wa, < — bau'q ") =T+1IL
Now,
(68) I < P(Way < — bugpl) exp [— k201 — g5
whereas
II < P(Wa, < — buy(bu/bud¥nrq )

< P(Wa, < — banr’g"™)
(69) < CyrD o [ By 020

< Cs\l/::/z(v—l){exp [— &, :'/.(1—1)]} {exp [_k'y'l/:z/,”_l)(qwa”-l) ~ 1]

= CP(Wa, < = buhn) exp [— B, g™ = 1],
(53), (68), and (69) combine to give:
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> P, <20 P(Way < — buny) > (g ba)?r
rEQu rEQ}
(70) < 2CP(Way < — bagime)(Ig 1g b)) " (1g b,) "
1/v

<M P(W,, < — bnim,)

where p,=min {(1—g1/2)1/0-D/2 (g720-D—1)/2} and use is made of the
considerations in the paragraph following (66). The rest of our argument is
now nearly the same as in the case 0 <y <1. We refer back to those pages
for the detailed steps of the proof. We have yet to consider the set Q} of
for which b,,<¢bs,. For such 7 it follows from (66) that:

(71) (r = B <¥(ghn)" " (v — /26 < /2.

We can then expand both sides of the inequalities (65) to obtain:

(72)  bufaly + DO = B/1%0" ] < bo, = oy <5200 — B)/¥n
and

(73) Ny — np < AR b(r — k)nk/nlzi./,:v_l)

hence

Yy (-1

bn,—uk < Cﬁ(r - k)ll‘yb"k/xbnk

We again let A be a constant less than b; for & Q} we break up the probabil-
ity P, into two parts. The first part is less than

Pl = P(Wa, < — bume (1 + (r — B)A/n""))
and hence
(74) S Pl < Crexp [—kyes(r — B)P(Wa, < — bug)

€}
/v

< MzP(W”,, < - bnk'pnk )'

The remainder of P, is by Lemma f inferior to:

T P¥a < - b ) P(W oy < — badr? + basdimr
r&Q;
/ —
A+ (= DAY
1/
< P(W”k < - bnk¢n:) Z P(Wﬂr—"k
rEqQ}
1/y(v—1)

< - b”r—"k(b”k/b”r—ﬂk)ca(r - k)/‘ﬁnk )
1/1) E P(W"r“”k < - clbﬂ,—nk(r - k)
rEQ}

=1/,

< PWo, < — bumy )
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where ¢, ¢;, and ¢4 are positive, by (72) and (73). Hence

1/

(75) (74) < M3P(W,, < — buny ).

(63), (70), (74), and (735) together verify conditions ¢ of Chung-Erdés.
4. Strong upper bounds for S, and W,.

THEOREM I11. Let Y(n) T «, Y(n)/nl 0. Then
0<y<1,; P(Sy > b./Y(bs)¥710.) =0 or 1,

1<y<2 P(Wa > bup(bn)¥/7i0) =0 or. 1
as

© 1
I;(¥) =f1 ) dx< oo or = o,

(This condition is equivalent to: D, Y(2") < © or = ®.)

5. Application to recurrent events. Let now the r.v. X; be the first recur-
rence time of a recurrent event €. Let N, be the number of occurrences of €
in the first # trials. The following inverse relations hold between N, and S,:

N > m ‘:>Sm < n,

(76)
No<maSn > n.

Theorems I-and II can then be reformulated as follows:
THEOREM I’: Let 0<y <1, let ¢(n) T =, then
P(Na 2 n'¢(bn)/k(n)io.) =0 or 1
as I)(¢p) < © or= .
THEOREM II': Let 1 <y <2, let p(n) T =, then
P(Nw z (n/u) — (0!/7/pt0M)¢(ba)i0.) = 0 or 1,
as Iy(¢p) <o or =,

These theorems give an answer to the problem raised by Feller [3, p. 115]
in the case where the function 4(x) satisfies the restrictions stated in the intro-
duction of this paper.
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